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Arith.etic in & Ope's-Complement Corputer.

A, Introduction

The r.ain parts of the aritimetic section of a one's-
comrlement corputer cre the l.-Rezister (abbreviated XR),
the R-Arz.-ter, OR, and the rec.rulator, AC. Fumbers may
be taxen from the cells nf the memory scction and put, into
those registers and the four fundanontal arithmetic oncrations
perforned on tnem therc. 7or cnach a7 the nparations we shall
indicat- the process througk-which the machinc gocs and prove
that this process gives the correct rosult,

™ho comriter cperates with 24 digit eignless birnary num-
bers, cach of which reprcsents a positive or nozative 23 digit
binary numbor (perhaps havins cuncrflucys zeros.) The nusbers
with which the machine operatcs will be referred to as dizital
nunbers, and the numbcrs for whica thcse stand as binary num-—
bers, or simply numbers.

It is first nccessary to investigatc the wgy in which a
numbor ie representcd in the computcr.

R. The Corrcspondcnce.

Consider the signless binary numbers (digitel numbers) of

24 digits, X = Xp3 ¢+ Xg» X = 0 or ), cxcluding that digital

anumber consisting cxclueively of 1's. The one's-complement of

guch u digital numbor X 4s defined to be % e (224 SRS WA

S
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Between the above set o digit=l rusbers and ihe set of

signed bi--ric. of 23 digits x (perhaps with supcrfluovs

23 A
ger-zY, 1 = 294 x<C™ - 1, set v a fne-<onc rorresnrendence
t Tollou
If x> 0 and i T ST <X then let 2 e X =
L ~
Ox ik HE! = - . IP‘. L
OXon «ov Xge e et O end IX) = Xgp ees Xy then let
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nceative let it correspornd to the cne's-cormlement of thc
image of its atsclute valuc. Notc that the two scts between
which the correscondence is defined are actually cardinally
cquivalent.

Thé XR, QR and menmory cclls. revprescnt dinary numbers
- S W 3233; Xek 223 _ 1, as digital nusders by means of the
above correspondcnce. The AC, however, can represent a numbcr
a, 1 - 2475. az 247 -, as a 48 digit digital rumder by
virtuc of an analogous onc-cnc corresprondcnce. If A is one
of thosc 48 digit digital nunmbers (nct consisting oxclusively
of 1's) then its one's-complement is by definition the

! 48

] 1
digital number A = (27 -1) - & = 249 ... 85 where
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a:j = k%) nccording as a4 = [g agrin, (aj)' = ay and
() = i, The annlo.ous cpe-one correscondenes b virtue
of whieh the al holdse ~nr siined a7 dirit nunber is the
follo 'ir ~onc. et 121 = 7pg o0 B0 £ o5 whon
p = & = Ogag oo- 290 1f 07 6. ther. nle=a = 1"'7‘6 cve Bpe
:7’»48-1-3-“'4:246—1*5\_.
Lot Xy = 7og e+ Xo3 zgz.x?.,_ cas ¥y Xg if
X =z %oz »0- Xqe ‘Jo have the 2sraily verified
Lawna I: If X s the renresentation of x on 43, then
X, 1s the rorosentation of x on aC, i.e., 1T X = A

then X H x.; .

C. Addition.

A dizitel nunber X = Xpg ..« X in & 1is "sddced" to

a Ci,itol nutber & = Ay e By in aC 4in the following

vay. The rechire comutes

-
1

ALy B4g s+ 125 024 27 B2 o ng 1

/ .

mninus ;:“ - 123 x.xz_ . x:?:; X?‘z 323 X22 — xo

And if there is r. borrov left over at the left='2nd cnd,
thie borrov is subtrocted fro: the raosultine diffcrence to

cive » resnli called the "sun" of A and Q"or A®X,

iy =
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LY

R u‘.tr';t‘w' : lovd fe =01 n Lhe xy-=rovnd barpov
pthod. The'subiraction 0° the borrow fror the first

di:ference moyv cenerata another serics of torrows, but this
second series cannot run for rcre than 48 places, since in

the firet sub*raction 2 borrcw can >riginate only at a con-
<

firmaration 517 the form —%—, and the 1 ir the rirst difference
will ki1l any borrow generated in the seccnd subtraction.

It must be shown that, within the range of the cormuter,
if X e X and Ae— A then 2 + X 3 A G X, lMereover,
it will be shown that if the rosul? runs over thc capacity of
the machine it is atill correoct rodulo 2% _ ;.

13 XA i A then no end-eround dorrow can be generated
and A X za - X,. End around borrow will occur if and only
if XA ~ A. Using énd-around borrow is cquivdlvnt te adding

B 58
24‘ to A, subtracting RA from their sum, and then sub-

T

tracting 1 from this difference. Thus if xi N iy AP
( (4+2%)_X{)-1:-a4X. Concisoly,
if X % A then ADX =i - X,

bec n

16t %, % - 223 . x < 223 _ s SRR T3 e Xoo o+ Xgo

nunber represented on XR by X, and

7
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a, 1- 24?3 W 24? -1, a =za4g...n, bca nunber

represented on aC by «a. Notice first that
s Regs TP 2 SN (230 1) 5 (2P2 9) Ama
2  .a) = "Xt 247 _ 1. Therc arc four cases, onc for
cach of thc oussible distributions of signs on x &and a,
which arise in thc addition of x to a by means cof their
represont. tives on the computer. EZach case rust bo considered
separnately in order to prove that in general a -~ X «-:4 | A,
Crsc I x 2 O and a > O, In this case

8~ Az Omgp ... 85 = 2}

It-~?:;'}xa...xo:-'1|

X, -0 ... 0xpp ... X5 = Ix| and

/

Since’ X. > A, Ay X za « X = ial+ ixje If

4

iat w ixs 4 27-1 thep AX X «— 121 + iX| - & + X.

But if 'a;j + xs > 2% -1, then, since

iR Y v e A A < 102D LYo w e = (2% 1) v

whero 0 ° n ¢ 223 -1, Then since 0 < 247 - n < 247 =15

.,
wo Hhe SR = (2% 2 ) - a ¥l R) e 125 - a) o

But (‘& ¢+ xi) =1 = 248 -1 80 a=+ Xx=

tar + 1= m (pod 248 - 1) and

ADX e nimm. . & % (mod 2% - 1). /

1 :lo-.l Iéz -we xé:(Z%-l)_xA:(gés—l)-III-
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Cosc I1I: x40 and a? O. In this case

8 — A = Oa45 vos Bai= TR

F

x> X = lxég T

X.Azl..-lezz ses xé:(248-1)“ i xy and

X, =0 «ss O

22 - Io 1x|t

If X,

L < 4 then AT XzA=-X =18 -1

Pl

'
But if Xy 5 a then 'xi ; ‘&l and 0 ¢ ta) - 1XI & 2¥7 -1

and AP X «—lal - ixt =2 + X On the other hand, if
x; S A thon AdEX=a+X, = ‘al + (248 - 1) -1xi1 =
(248 — 1) - (1 x1 = 1m1)s Also..if X, > A then

ix1 518 and 0 < ixy-jal g 247 -1 end

APX e - (1xy1 - Ie1) = & + X.

Case 1I1I: x>0 and =2 <O. In'this casc

X == A = Oxzz son xo = 11Xt

el
i
o

| Xpn o0t X, = Xi

48

S e U W R R A e e

a3 d = Yagg o-v 8 Sl 1Y SR
I I NS S ST
F.% F:%
(3'18 S U o - ((2‘;8 ok, ) RS W ).:.- Vi (R ¢ ¢

X, & a thom \xi » &y 60 0.5 = VAL SIS 2% -1

S

end A@ Xe—r = 12) 4+ |X; =28 + X

B
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If X, 5 A then AGX =4+ X = (2% -1) - Car -
. 47
Since Xy > 4, ix/ < &l end 0 ¢ ta' ~1x) £ 2 1 so0
AG X e~ (at - 1x1) =a+ x.

Casc I?:' x~- 0 and a 72 0. In this case

B{-—+A - 13‘46 - w a‘o - (2{‘8 b 1) i ‘&'

IQ—-‘,X: 1!:;2 aeew I;j

:\A 1...1x32...x° and .

xAZOOIC 0122 " 1°:Ix4.
-'I 2 At o . 48 o
Since -\‘&"-A.ﬂ J'L_A.-IA;(E -1) (1ar » 1x).
If a1 = 1xs $ 347—1 then A"TI(—-—;-—(la-v-xs‘;;a—x.

But if ral + I1X) > 247 - 1 then, since
ar e ix € (2 -1) 4 (22 -1), 1ai e x =(2*7-1) . n

where 0< n¢ 223 _ 1. Then (248 - i1) =201as - AN

247 _ n, and since 0¢ 247- n$ 247 _ 1;

ADdXes2¥" n-n. Bt n- (- Car+ )
248-1 80 a"I:—(lal‘-|X|)Em(ﬂ0d2'm-;.«

end A X{e—n a+Xx (med 248 _ 1).

]

The above argunents prove that if x,a and a + X are
within the ranges of XR, AC and AC respectively, then

a + Xe—>AE X and if a - x is beycnd the range of AC
. 2

U27



the A@ X 1ies still the correct image of

D, Subtraction.

X

AEC X - APX!

AP X&Ea2a+x or AQXe>n=

L =19

a + x -modulo

Subtraction is performed by the computer by subtracting

If ae—>3A and x¢«— X

a+Xx

then

=X «—> i

. APX - A@X’(———)a-ﬁ- (-x) —a-x or al@Xe&>n=

corrcspondence is prescrved by machine subtraction.

a=x (med A8 _ 1)

E Basic Arithmetic Cperations.

as the case nay be.

from A using end-around borrow when nccessary, i.e.,

1)

and

and

Thus the desirced

298~ 539

Below is a table sumnmarizing the basic arithmetic operations.

NUMBERS SUBTRACTED II'TO aC IN TFE BaASIC OPFRATIONS

CPERATION J e | ac p1cITS

| | 847 Agg -ox 34 U5 Ppp e By A,
| ADD XR TO aC X33 Xom +e- Xpz Xoz Xoo een Xy X,
'SUBTRACT 3R FRON aC W SR M e B
IABSOLUTE DD R T0 uC '

' IF xp3 = 0 SEEn ST 1 (! SOSLR be

' IF xp3 =1 11411 X5 X, X,

| ABSCLUTE SUBTRACT XR FROM AC!

E IF X573 = 0 ; 2 ce 80 Xp5 o.. X X,

| A R ; o SR B B 2 xy X
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The only operations in this table which have not been proved
to yield correct results arc the operations of absolute add and
absolute subtract. From a consideration of tho digits put into
AC in thcse operations it is casily verifiecd that they correspond
to the truc operations of addition and suhtra;tion of absolutc

valucs.

F. Multiplication.

In addition to XR and aC the arithmetic section contalns a
Q-Register, QR, which holds a 23 digit signed binary ns a
digital number of 24 digits just as XR does. . All the digits of
QR or of AC may bo shifted left any number of places from 1 to 47.
The shift is circular, i.c., a digit shifting out the left cnd of
the register is not lost but shifts to the right end.

In the proof of the multinliCﬂtign algorithm we will necd the
following two lemmas.
Lomma II: Let ' & = Ppm son By te a disital number in AC. Let

a bé the rcsult of shifting & circularly to the left s

- L 2  uB
placcs whore s < 48. Then a = 427 (mod 2 8 _ 1), where a2

{s the product of 2% with the digitol nurber A& (not its

in.gc)
Proof: 48 placcs
s . I S Ny i e —
2 - N yrr - " L 4 .. ... an
aA2% = f4n ave Bag o Bpn_go £y 00 ... 00 nnd

s plnccs

4/) 7



JAREET
- 4&7-8
Au eee Rip
I A5 f
:‘3 k- (u 3
snd A =
=
Lo 113
Lok o S

neceasary. Let 'a, 3, AA¢3 denote the results of shifuing .
crch s places where s < 48. 1Thon ~ 2 3% 4 & By
‘_-!4 k Y :
Troof: A1l congrucngos horooare rodalo 27 1.1t igirplicit
from the rosult 9% pagd 4 thot a3 2. -3, aB Bz
- g - B & = S
Pro- Towsa 11, w= 2 a, » 2@ By and honet | soo 0 43 "'.(”' = B).
5 = g B = - - = 2 :
Tous 4% B =242 B 3) = (a B5). . But O3 ~H6 3¢ Pt iy and
: . s
- - - 3 ._'-g - : 3 : = : "
Gy £BE L™ -1 and therefore e B .82« @ -Bs
Woorn the conruter adds ard vaen it subtracts it “corbutes
v yovnd borrsw Aiffeeance, -which stion we have de-.. |
Aatda iy B dn Dloges 11T, Thwys leri~ 111 helde; rer Both
eRinc Hpticn nds ekl sahivaction. 2
Tapoa IVY - Lit the A0ugigitsal, mivdbor | A f=- a0 Whera
i€ BN < X0 U S W AT 508 KRR a SN
The trufk of this darms 46 st casily seoff Trorm 200N
eidor risn € macpns -~ = oy ¥ i T
<1 L4 LN « e St Caz = W f2te ] "'.-,‘.'1 e
Vo ndw oyl tho fuYtipl ieftion alZorithe prover.
R i

L-1f

But

47 v+ N4gog) nnd therofore

a2 (niod 2
Lot oo and B bottws <18 rlace digital’ nusbers nnd

‘ >
1GC ASINE Jt.nt‘.—r».x-f.mnc_‘. Borrow if

ienste :

theirodiffere

'
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Multiplication Alzorithm

Initial contents
QR contains multiplier
X’ contains multiplicand

AC contains number to which
the product is to be added.

alporithn
1. Shift AC 24 places left.

2.. If Qpz = 1, subtract XX intc AC.

If qp3 = O, procced directly to step 3.

3. Do 24 times:
a. Shift AC one place left.

b. If qoz = 1 add 3R inuvo AC,
othorwisc procced to 3C,

c. Shift QR one place left,

4. If g5 = 1, 2dd XR into AC.

AC contains pro“*ucé plus itc initi~i contents.
¢ QR contains multiplier.

3 1 e
Let 8.{-—--;-1:\_347 ...SO,I(——Q.;_XES...XO and

qQ 3 Q = Qoz -+« Qy- &t the cend of the oporation AC has been
shifted left ¥ places nnd is back whore it started. In view
of Leama III we nmay consider the & held stationary and XR

shiftcd along it ench etep. Since QR is ehiftcd each stcp we

s II/:,7
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may consider the machine to examine the nroper digit of Q -rith

BExamination of the algorithm in the light

QR held stationary.

of thesc remarks shows that the machine computes the sunm

@ (923)
& (q23)
ﬁ..wnnmmv

@AnHV
@hnou
M (ap3)

ay7 ayg aup - - .-

L
X273

Mmu me Mvw -

wa

HMW i
Nmu 5 S 0ce

XNW

PN o I

Xp3 X239 X32

I R T T

Unmu

M.\ww

NUU

wa
X273

%mu

X22
Rmu

X22
Xop

CRC mH ”o > a
’ . NF
veee. X23 X23 &= "X°2° *Q23
L
oo e XOR Gy X% 2 w.nmu
: 22
X203 see.s XD & Xr*2 - *Qon
..-un.._. MO me {3 X2 .D.H
(o}
olas s 0t e X1 Xy = X222 *do
v n'e e u_nH unO < H.NO oﬁmu

e

- 12 -
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The complenent is used in thc second line bocause machine
subtrrction is the same ns machine addition of the complenent.

The facters g3 to the left sinply indicate whether or not the
term is to be included in the total sun (according as qy = 1 or 0).

The correspondences to the right follow fron
Lemma IV. By scction C the total machine sum corresponds to the
sun of the images or to some number which is congrucnt moduloc

2% _ 1 6 the sum of the imnges. Let P be the machine sun

of the digital numbers. Then

Pedyp= a- 1-234-q33 +

o o
a - X 22" q?,(:'\ + ; X 21 ql + X qzs a - Xx “:_' qi 21 -
1-23 1-23
B *.Xq and. P ¢— P=E a&a+qx (nod ‘)48 = 1)
If, on the other hand, Qpz = 1, thon
Qée—q=-0 q%e ve.7q € O and
° 0
p2k o i 24 i
n- X'2%T g ¢ § x027eqy ¢ Xgpg = A - (x(27°-1)-F x-2 qy) =
1-23 1-23
- i aul Moyl k
6= 3 X8 {1 - li):r"--x > Aa32 ==a+qx. Thus in
i-23 i-23

this cnasc ns well as the first

3¢p P a6+ q% (mod 27~ 1)

"
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D. Divisicn.

In performins the division operntion the computer gocs

through thc proccss indicated in the following dingran.

Divigicn alsorithn

Initial Centcon's

i)
3

AR

is cloared
contains diviscr
_cantﬂina dividen?t

2

i

Alsorithm
1. ;Cose 15211 Bap.= 0, Zo to step 2.

Case T32" IT 1, absolutc subtrnct R

9.4? -
into AC.

2. .Shift aC 2 placcs.
3. Do 24 tines!

s, Shift AC onc plnce.

- 2 AR X il 1 e
by IE Py = Xoas subtract AR into aC and inscrt
1 in q,.
If Bny # Xoz add XR into aC.

¢. Shift TR one place.
i:. Do one of the following:

—_—

Bt 3L 48 = 1, if casc I: absolute add & into
aC, replace q, b 4oz

b. If aj, =1, if case II: absclutc add XR into

oM B - 0, if carc It No action.

(- £ ass = o if cnsc II: Replace qg by Qpz-
Finzl Contcnts
QK contains quotient

XR contains divisor
AC contains least non-negntive remainder.

5 e 1127
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In the proof of the validity of this algcrithn we shall

nced the

Lonna V: Let f(x) = 2 x - A, Then

0 n
~ e - 1
tlx 1 2% S flaan diate 3 R Etyi(a, ~ 12PN
k-n-1 d k=n
n - K
: o e ) oK
Proof: f(xo) ey % f(xk+l‘ 2% =
2 k
n —— <
(22, -1) 27+ 37 (2x,,-1)2" =
k'_'n"'.'.
0] l 1 C
CRSE TS Ek* XS - i L SN 37" 2" -
K=n- k=n-1
- K n-l n«
ISR Ul R T e S il e el e R SR
k:n /
_9.. k. n41
Forg 2 e (xC ~ AN = X,
k=n

Casec 1. ¢ will first congider the case of twec positive aum-

e )

bers. Throushout the proof usc will by mnde of Lomrss IT nnd

ITI. Tho aC will be censidured stntionary and the X slid

along it nn amount which nn oxamination »f tho alcorithm will nakc

gvident. Sinilarly QR will de considercd staticnnry =nd the

computer will be sssumcd to insert the proper digit in the pro-
e

por place. In thc casc of twe non-negntive numbers the divisicn

algorithm rcduces to the fellowing.

15757
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Qzapz +++ 9 = 0

X

Xog +40 X, &> X = 0 Xy oon X 2 0, Xon = 0

347!... aoHa- 08.45 .- aoz 0. ﬂ47 - 0

"

1. Shift AC 25 places
Subtract XR into AC and insort 1 in q,.
Shift QR one place.

2. Do 23 times
a. Shift AC one place.

R foy = 0 subtract XR into AC and insert 1 in Q-

1 add XR into AC.

If 8ny
c. Shift QR one place.

3 . Do one of the following:

a. If =& l: Add XR into AC, replace 94 by Qe

24 =

b. If a,, = 0: No action.

Step 1°. Make qQ, = 1 and compute

347346 sene 825 &24323 322 cadens ﬂ.o — &
23
B0 R T o i dal R L . 0 — X2
- n?ﬂ;? n};& e na &25 1112‘1 J‘zs Dlzz R n]b = Hl —r a - 1233: nl.

If wo define f(t) =2t -1, we have, sincc q, = 1,
23
B, =a- f(qo) x 2 . Now let us assune¢ that not only do X

and A represent non-negative numbers, dbut alsc that

0< x( 223 1 and O<a <x2%, Then —x i n, < 0

-

and in; < x 2%, But xzzsg(aas-l) 223 < 246 _ 1 ana

R

(27
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s

{ n1|< 246 = 1. ‘Thorcfore ni7 = niﬁ and since ny S A

.
nge = 1. OSince in sudstep 1 of step 2" ni6 1s compared

o
(notice that nie is now the a5, referred to in 27)

with Xon = O the oreration in substep 1 is 717 and 12
ia loft as Q.
Step 2°. Substep 1t Conpute
1 ki 1 1 1 1 1
n47 n46 34= - a0 nc-; nzs n22 “ e B no — nl
b
dj 0 0 1?‘.-[ iae e na e IO - 2asest O

H
328 i e T 2 ; PR
:n‘lv? n“‘s nl&q seee Nop nzs nzz sesansw nO:NEHnl*L. _nzc
. o
Since 953 = 0. np = 8y - f(qgsJ x 222, Also ng =0y v X2 =
o - X 22?. Thus n, < X 223 -x2
fore nﬁ? = nze z nzb and since the orcraticn cof substep 2 is
&) or £ noscrding »s n§5 = O or 1, it is 3 or & accord-

ing ag Ma> 0 .0r n, £ 0.

Substep <. Cuimpute

) o] 2 n 2 2 2
o ¢ ne nt s B (B SerD r. e o P
n‘! 0 (1% & i 3'1‘ 2-:‘ 82 ')l 0 2
— el
[ ' a
y or n v U ~ I.'.,z .............. xo C - — X 2
3 2 3 o 3 A 51 3 3 3 S
- n'  + A o LAl o e 3 ety 3 enss NE = Notes N+ X -
47 46 45 44 2452 22 21 Q=38 B

—

Since q,, is 1 °or 0 according as thc operation is ©J or &y .

T.
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na.-.na—f(qaz)xzal. Also n3=na:xan according as
n, < 0 or mny3 0. ‘!hm

| ng! :IIzzl—lnall.andlince 3221_“12'\:::321 and
,nzg—x'a?gl(xzaa—xzzl:xzzl.whuve |n3|§.‘_1331.
But x290< 2% -1 and eo |ng1< 2* - 1. Therofore

ni? - nis = nis = “5514' and since the operation of substep 3 is

© or & according as ﬂi‘ =0or 1l it is = or & according

as ns;o or na(‘O.
Yor a general k, 1< k< 23, assumc that

Kk

24-k k k
1. Then n47:q46:...:n47_k.

| mlg 23 47-k _

< 3
Since the next operation is = or (P according as n:.?_k -0Oorl,
1t 18 & or (P according as n 2 0 or n <« O.

Substep k: Compute

o k
ni? L ﬁ?—k nk -w e nm-k %}k LN ] ns H nt
OorPo  .... 0 Xog .0 Xy O Seei- B o 13
A k+1 kel kel kel sl o+ k4l_
n4? N n47._k nm ®s 0w nas_k Bm;.g.- no .&'1 H

m ¥ 2% Ky
Sinco Qqpqy = 1 or O mccording as the operation is &) or & .
nblznk-f(qm)xz%‘k. unont.d:nttxzm‘kmoo:ﬁ-
ingas n < 0 or m > 0. Thus 1ntdl=|xz”"‘—inttll.

-yl -

\4],7
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and since x 289K ) 0y | é x 29K @ana .
e el A by, =
;nk{-xz“‘?’k'( x224"k—:?.""k:x2”3k. we have
. 23k ¢ 47-(k+)

o N x@ o 2‘7 (s )— 1. By this inequality,

kel e
5% ) T O L AL i TR
myy = Bgge = oo 2By g Since thc mext operation is D

[ £ o k+1 7 €T
cr @ according A8 Ngey = 0 or 1, it is <2 or \vJ according

{ s
as n‘.«:a-l), 0. Br . < 0

The alzorithm procceds in this way until finally it will

24 23 23 23
< 2 = 1' n47: 5‘16: .. :524

{4b]

bc the case that |n83! S x

and the operation of substcp 23 1is (3 or EE according ns

n

Non Q -or nzs(D.

N

Substep 23: Compute

23 23 .23 2 23

n‘,}?’ R R nzqu n23 !‘122 R ) no Hnas
SrPo  ....... s 0 Xogoesceennns . Xg szo
24 24 24 2% ok . et el
- DZn =recrses nol NS Nop woveee L H24 “ n23+12 = Noye

Since g, = lor O according ae the operntion is @ or @ -
2] + 0
npy = Dp3 - f(qy) x 2 . Al3o n,, = Npg — X 2° according as
noz < 0 or npz > 0. Thus |no4l | X 2° - ingz|| and
O / e o 4 o _
since x 2 ]nzs‘;} x and Inggl -~ X 2 ;’\. x 2 X2 = %Xy

s
we have |n2‘41 { x¢ 223 _ 1, By this last inequality
£ 3 LN ~

(417
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Recapitulating our results through step 2°, we have

¥, e 0y =) - fayy) x 222
21
N; e 05 = n, - flgy,) x2
24-k
Hoeom =n , - f(q25_k) x 2
N,, <> n - £(q,) x 2°
24 24= D23 4 ;

Adding the images Dy + s + Moz + Doy =

B #ess + B

) 23+a-f(q0)1323-(— f(qkl'xzk or

k=22

23 -9— k
no, =& - x( f(qo) 27 e o f(qk¢l) 2°) and by

k-22
€
Leana V and tho fact that q5 - 1, n,,4-a.-x‘<_ q,‘zk
I+ k_
Wi 24 24 .
¢ know that in,,1 { x. If n§; =nf; = 0 then
0 S n,, < X For assume B, = X Then, since the number

added~$o0 or subtracted from n in substop 23 is x, the

23

operation must be e , for if it were @ » Don would equal

zero and zero calls for subtraction. Now since the operation

is t:-_: , we must have n 2Xx=2Xx 2!, Imn substep 22 the

232

=" OfF &

29/]
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overation must again be -'E‘ , for if it were 3%, we would have,

tn view of the fact that x2' 1s added to or subtracted from

in substep 22, Nop = 0 which would call for subtraction.

n22
Again since the operation i £~ , wec rust have Dnpp = 2(::21) = x2°.

Procceding in this way, we find that the cperation of substep 1

is a;'_—',f . But we nlrendy Ymow that this operntion is 4 and hence

2 e 18 ng:l il

we have n contradiction. Therefore O < n,, ¢ g =

~,

then no action is taken in step 3 and aC contnins Nz_.: > Nous

and QR contains Q = qp3 ...q_o(_,;q:qa-_,'...qo since qpg = 0.

¢
But n24-_-a—-x%_a_3qk2k:a-qx or & = gX + Do, where

0

oA

nﬂ-l ¢ Xe

o 24 :
We do know that a = gX + Dy where q is the image of the content

of Q3 after step 130. In step 30. in thi= case, qg = 1 1is ro=

r's

placed by Qog = 0 and QR rcpresents q = q - 1 et the comple-

tion of the entire operation. also '3 is added to AC and at the

end of the operation AC represents n,, + X. But a - GX * Bps =
(q -1) x~ (n2-1 + x) where 0 ngy + X { x.

Thus we have proved that if 0< x 2% -1 and

A

o
D&as x 2'"3 then the divieion alporithn gives the corrcect

s

' -11/1«7
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result, that the contents of QR, AC and XR corrospond reapoé-
tively to the quotient, the least non-ncgative remaiader and
tho divisor.

Suppose a > X 2B 0™ = x(22 - 1) + (x = 1).
Then the quoticnt must be greater than 223 - 1, that is to
say, QR is nct capable of holding the quoticnt. If_ a 2 x 223
the computer will not give the correct answer, nor will it give
an answer correct modulo %4 -1,

It remains to extend this result to other cases. In what
follows the algorithm will ﬁe used as it stands on pnge 14. The

device made possible by Lemmas II and III will not be employed.

Case I;: assume that

S St el

0¢ a ¢ Ix| 228

L BN
" - ’ -
X = lxzz cor Xg — e -Ox22 eer X
LA:O““IB o-c’&-o——-—rﬁ:.&l‘ls .. ao
|'0< Ix1¢ 228 -1
o da € x4 T2

mnlx'-o' 4 x| - Ox, x.

X = Oxy, o0 Xg = ixl = 0x,, o0 X
i‘A - Oaﬂs ver B 32 S 0346 vee B

We know from case I that the computer will properly divide
2 by Ixi. Cnll this division Vv . Ca2l1 the division of =2

by x division W . We shall compare division W with division V.

-~ 92 -

941
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In each division a,, - 0 8o no action is taken in step 1

of the slgorithm. In substep 1 of step 3 in division V ,

849 = xés - 0 so XR is subtracted into AC and 1 inserted in

Q- In the corresponding etep of division W, however,

=041l=x and XR is added into AC and 9 left as zero.

847 23
But in ¥V the content of XR is the complement of ihe content of
XR in V , and since addition of XR and subtraction of its
complenent are the same thing, the content of AC at the end of
substep 1 is the same in W as in v . Sinilarly in each sub=-
sequent substep the contents of AC in VY and W are the samc
and opposite digits are inserted in QR.

In step 4 action (&) is taken in both ¥ and -W or action
(c¢) is taken in both divisions. If it is (¢), nd action is
taken and the remainder in AC is the same in V as in VW and
the contents of QR in V and W are complements. If the

(] >
action is (a), X 1s added to AC in ench division and in V

3o is changed from 1 to O and in W q45 is changed from O to 1.

Thus in either case (&) or (¢) the content of AC is the same in
v and W , let its image be r. The contents of QRin V
and W are complements. If q 1s the image of the content  __

of Rin V and q’ is the image of the content of QRin W ,

thon 0 ¢ <28 -1 and 1-2%¢ q' (0 and g’ =-q.

-

Fron case I, a - qixt +1 = (=g)(=1xI) + 1 = q' x + r.

-

23[2
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The algorithm is thus valid in this case as well as case I.

Case III: Let
fogx 2™ -1

0>a>x (1 - 2%0)
"

A

Oxgp -+ Xg

/
"0546 -e e Bo

0:22 P IOHX

1a46 ..o 50(—)&

.

The division of a by x will be referred to as division V.

In step 1, since 8yn = 1, XR is subtracted from AC, The re-

-

" i/ i
sultiag digitnl number is Z - 1’46""0*‘*"0‘46"‘80 S-BSgs s

e - x< 0. Let division W de the divisionof 1z by X
Now
0<xg2® -1
0< 1z < x22% (Since izl =ia-x) < ja) + Xl < 1(223-1)+x -

= = 23
X - 0133...x0 —> X = 0122 e Xg 2*.)

l Z = 0346...zo{e_4 IZ = 0‘46"'z0'

In step 1 of division W nothing is donc. We will comparc
cteps 3 of divisions V and W . In substep 1l of W IR is

gubtracted into AC and 1 inserted in q,. In substep 1 of V ,
since z,, = 14 0 = Xoas Xi is added into ' AC and O inserted
in q4. Since the contents of AC just before substep 1 in ¥

and W arc complementary, and the operations are opposite, the

resulting digital numbers are complementary. Thus in substep 2

LR T

* | 2413
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the operations are again opposite and opposite integers inserted
in QR. The process:obviously continues in this manner, and at
the end of step 3 the contente of AC in the divieions V  and
W are complementary and so are the contents of QR. h

Let d, -4, gq, -q be the imases at the end of step 3 of
the contents of AC in division V¥ A0 I QR In W,
and QR in V respectively. In the course of the proocf of cnse I
we showed that [z(: qx + d ecven before step 4 is tnken.
Therefore z = -1z, - -qx - d. Suppose now that in step 4 of
division V course (b) is taken. Then AC becomes the image of
-d +x and QR rena;na the image of -q. But since z - a - x,
azz+xz(-qx-4d) »x=(q)x)+»(-4+x). Of course
0 x - d <& A4ssunc on the other hand that course (d) is taken.

Then AC remains the image of -d (which in this alternative must

be positive) and QR becomes -q + 1 since 9y 1is changed from

Otoland -q< 0. Here a =z + x = (-gx -4) + x -

x(-q « 1) + (-d). Thus in either coursc, at the end of the
operation XR contains the divisor, QR the quotient and AC the
least non-negative remainder.

Case IV: Let

(0> x31 - 2%

10> a >|x| (1 - 223)

lx22 .-n e xOH X - "'0222.‘.10
A - la“...ao(—;a = "03:16 36

~
"

|

'}

s 25739
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23 _

(o<ixtg 2™ -1
0> a > =t (1 -27°)
then
¥ 7 F I ¢ 7
v X :01'22 .- %(—-—)11'20122 ...Io

’

kA: 1345 ver By e A = --’)l.% ves By

We will compare division V , an instance of case IV, with
division W , an instance »f case III. In step 1 the same
action is taken in each division and the contents of AC in cach
are the same at the end of this step. In substep 1 of step 3 in

division W , agm = 1 ? 0 = xés s0 XR is added into AC and

O inscrted in Ay In the corresponding step of division V ,

8ym = 1l - 133 "50 XR is subtracted into AC and 1 inserted in

a0+ Since machine addition and machine subtraction of the

complement are the same thing, the contents of AC at the end
of substep 1 are the same in each division. The process con-

" tinues in this way, and at the end of step 3 the contents of AC
in V and VW are the same and the contents of QR are comple-
ﬁentary.

Let r be the image cof the contents of AC in each division,
let q¢ and -q be the images of the contents of QR in V and
¥ respectively. If in step 4 course (b) is taken in W it is
taken in Vv . Should this Be the case, QR remains the same and

in cach division AC becomee the imaze of r + |x| which is

positive and less than ixi. 3But from case III

i | 26y
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L=t

a-ixi(=gq) «(r=1x))=(-1x1)q) ¢« (reix1) =xq+ (r+x).
If course (d) is taken in W it is taken in V also. Here AC
reoains the image of r which must in this case be positive

and lcses than | xi. In W , QR becomes the image of =-q + 1

and, in V , QR becomes the image of g - 1. By case III
a-ixt(-q+1)er=(-tx1)q-1)+r-x(q-1) +r. Hence
in each case XR is thc image of the divisor, QR the image of the

quotient, and AC the image of thc lecast non-negative remainder

at the end of the operation.

V. Cases involvinz zero: If O is divided by a positive number,

the quotient turns out to be O and the remainder 0. 1If O ig
divided by a'necgative number the remainder is O and the quotient

is 211 1's, a result which is not completely nongensical. If a

/ 520

positive number S 2°¥ -1 is divided by O the quotient is

all 1's and the remainder is the dividend. If a negative

23

number > 1 - 2 is divided by U the quotient is O and the

remainder is the dividend (negative). If O is divided by O
g

the remainder is O and the quotient all 1's. These results

arc easily verified.

23

We have proved that if 1 - 20 x¢2® -1, vut x40,

-
~
Y

, 23 : 3
and if 1xl (1 -2 ) <a <i1xi 22 , but a £ e -0y

then the algorithm gives the correct result.
If QR becomes filled with 1's through a division involving
gero, and QR is then added or subtracted into AC, the confont

of AC is not altered. '
P. Billingsley 37/
April 26, 1949 L;.
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